Abstract-The multigroup neutron diffusion criticality problem is studied by the radial basis function collocation method. The multiquadric is chosen as the radial basis function. To investigate the effectiveness of the method, one, two and three-group problems are considered. It is found that the radial basis function collocation method produces highly accurate multiplication factors and it is also efficient in the calculation of group fluxes.
INTRODUCTION
Numerical solution of the neutron diffusion equation has been done by many numerical methods such as the finite difference, finite element and boundary element methods. These are all mesh-based methods in which the nodes that discretize the problem domain are related in a predefined manner. In this paper we apply a novel, meshless technique, the radial basis function (RBF) collocation method, for the numerical solution of the neutron diffusion equation.
Meshless methods have emerged in late 70's and became an alternative class of numerical tools for the solution of differential and integral equations. As their name implies, the nodes do not have to satisfy any relation. The analyst can distribute them uniformly or randomly. There are many meshless methods in literature with different mathematical properties. For details, we refer the readers to Liu [1] .
The RBF collocation method was proposed by Kansa [2] and has found itself a wide application area [3] [4] [5] over the past decades. It is a strong-form meshless method and unlike the weak-form meshless methods it is a truly meshless one since there is no integration in the solution procedure. There is numerical evidence that the method has an exponential convergence rate [6] and it is shown to be more accurate then the finite difference, finite element with linear shape functions and spectral methods [7, 8] . On the other hand the method is less stable then weak-form meshless or mesh-based methods, but the high level of accuracies that can be obtained by fewer nodes motivates the use of this approximation scheme.
FORMULATION OF THE PROBLEM
This study deals with the numerical solution of the multigroup neutron diffusion criticality problem and for a square homogeneous system with reflective boundary conditions at its bottom and left sides and with vacuum boundary conditions at its right and top sides the problem can be mathematically written as where = 1, … . Here and n denote the energy group and the iteration index, respectively, is the total number of energy groups, is the diffusion constant, is the neutron flux, is the multiplication factor, is the fission spectrum function, is the number of neutrons per fission, Σ , Σ and Σ are macroscopic removal, scattering and fission cross sections, respectively and is the size of the domain.
is the fission source and it is defined as
The system of equations, Eq. (1), is solved by fission source iteration, which starts by guessing the fission source and the multiplication factor as ~ 0 ,~ 0 . Next, the neutron flux of the first group, 1 1 , is calculated. Then, by using this flux, 2 1 and neutron fluxes of the following groups can be found. After that a new fission source and a multiplication factor is determined by
where Ω is the area element. This iterative strategy goes on until a predetermined convergence criterion is satisfied
For the formulation we first introduce a set of internal nodes with members such that:
Then we introduce a set of reflective boundary nodes with 2 members such that: = ∪
where represent a set of reflective boundary nodes on the bottom side while represent a set of reflective boundary nodes on the left side. That is: Then, the set of boundary nodes simply
The set of domain nodes, is defined as = ∪ (12) which represents a set with = + members. Secondly, we introduce a set of external nodes, . For the purpose of preserving the nonsingularity of the coefficient matrix, the number of members of has to be equal to . That is = , : 
In Eq. (17), the elements of the global system matrix are block matrices themselves. For every energy group an + × + system of equations have to be solved. As an example for the first group one has to solve There are many RBFs encountered in the literature with different properties. In this study we will employ the multiquadric, which was proposed by Hardy [9] to approximate geographical surfaces
Here, is called the shape parameter. It determines the shape of the RBF and has an important role in numerical applications. Theoretically, as → ∞ the approximation error goes to zero [10] ; but this property would be achieved if infinite precision computation could be performed.
NUMERICAL RESULTS
To investigate the performance of the RBF collocation method we considered one, two and three group criticality eigenvalue problems. The analytical solutions of these problems can be found in [11] . A program is written in FORTRAN and calculations are performed with double precision. In all tests uniformly scattered nodes are used. The power is assumed to be 16 and the convergence criterion is chosen as 10 −6 for all problems. Accuracy of the method is examined via calculating the error in and maximum errors in group fluxes 
where subscripts and denote analytical and numerical, respectively. RBF collocation method is invariant under uniform scaling, hence computations are made on a domain scaled to 0,1 2 by defining the variables = and = . In the first problem we studied the one-group case. The length of the square domain is taken as = 50 , while = 1.77764 , Σ = 0.0104869 −1 , = 2.5, Σ = 0.0143676 −1 and = 1. The analytical value of is 1.46657782. Fig.1 shows the variation of and with respect to the reciprocal of the fill distance (distance between adjacent nodes), where 2 = 0.06. It is observed from this figure that decreases continuously with decreasing value of the fill distance. It has its minimum value of 5.642 × 10 −3 when −1 = 36. Highly accurate values are obtained above −1 = 22 and, the percent error has decreased to its minimum of 4.091 × 10 −6 when −1 = 32.
(a) (b) Figure 1 . Variation of (a) and (b) with respect to the fill distance
In the second problem the number of energy groups is two and = 25 . The nuclear data is given in Table 1 . Diffusion constants are given in units of centimeters and all cross sections have units of inverse centimeters in Table 1 and later on in Table  3 . For this problem = 1.96293774. The numerical results of the two-group problem are summarized in Table 2 where 2 = 0.06. We see that the maximum errors in group fluxes are similar and decrease with decreasing fill distance value. For the multiplication factor, a very high level of accuracy is obtained above −1 = 16. It is also observed from this table that the number of iterations increases by one when −1 = 32. In Fig. 2 the variation of ,1 and ,2 with the shape parameter of the multiquadric is illustrated where a fill distance of = 0.04 is chosen. The maximum pointwise errors in flux for both groups decrease continuously with increasing shape parameter up to 2 ≅ 0.12. Beyond this value the errors start to oscillate and the numerical solution breaks down except for 2 = 0.149. This is expected since as the shape parameter increases the collocation matrix becomes more and more ill-conditioned.
(a) (b) Figure 2 . Variation of (a)
,1 , (b) ,2 with respect to the shape parameter
The error in multiplication factor is shown in Fig. 3 where, again = 0.04 . It is seen that the error increases with the shape parameter at first up to 2 = 0.015 and then starts to decrease until 2 = 0.072 where the analytical solution is reproduced. Above this value it increases again, and similar to the pointwise errors in group fluxes the numerical solution oscillates and breaks down above 2 ≅ 0.12. It should be noted that the change of errors in flux and multiplication factor with the shape parameter is found to be similar for the one and three-group problems also.
The third problem deals with the solution of the three-group neutron diffusion equation where is assumed to be 25 . The nuclear data characterizing a three-group structure is given in Table 3 and the analytical value of is 0.75024241 for this problem. The number of iterations, maximum pointwise errors for the three group fluxes and the error in is given in Table 4 for different fill distance values where 2 = 0.06. Once again, it is found that the errors in group fluxes and multiplication factor decrease with decreasing value of the fill distance. Highly accurate values are obtained when the fill distance is 0.05 or less. It is also observed that the number of iterations does not depend on the choice of . Table 4 .
and for the three-group problem 
CONCLUSIONS
In this study we have solved the multigroup neutron diffusion criticality problem numerically by the meshless RBF collocation method. We used the multiquadric as the RBF and worked on three problems.
We have found that, for all the problems considered, the RBF collocation yields highly accurate results for the multiplication factor and it also works well in the computation of group fluxes. It was seen that both the maximum pointwise errors in group fluxes and the error in the multiplication factor decreases with decreasing fill distance value. For the two-group problem, it was shown that, by fine-tuning of the shape parameter, the analytical result can be reproduced.
The dependence of the errors to the shape parameter has been investigated for all problems and illustrated graphically for the two-group problem. It was observed that for group fluxes the error decreases with increasing shape parameter up to a certain point. Then starts to oscillate and the numerical solution breaks down at higher values of because of the ill-conditioning of the collocation matrix. Unlike the group fluxes, the multiplication factor has a maximum error value and it starts to increase before going into the ill-conditioned region where it does not converge to any value.
